We examine the gluon scattering amplitude in N = 4 super Yang-Mills at finite temperature with nonzero R-charge densities, and in Non-Commutative gauge theory at finite temperature. The gluon scattering amplitude is defined as a light-like Wilson loop which lives at the horizon of the T-dual black holes of the backgrounds we consider. We study in detail a special amplitude, which corresponds to forward scattering of a low energy gluon off a high energy one. For this kinematic configuration in the considered backgrounds, we find the corresponding minimal surface which is directly related to the gluon scattering amplitude. We find that for increasing the chemical potential or the non-commutative parameter, the on-shell action corresponding to our Wilson loop in the T-dual space decreases. For all of our solutions the length of the short side of the Wilson loop is constrained by an upper bound which depends on the temperature, the R-charge density and the non-commutative parameter. Due to this constraint, in the limit of zeroth temperature our approach breaks down since the upper bound goes to zero, while by keeping the temperature finite and letting the chemical potential or the non-commutative parameter to approach to zero the limit is smooth.
Introduction
Lately the gluon scattering amplitudes of N = 4 SYM have attracted much attention. This is due to two reasons. One reason is that they are part of the more complicated QCD amplitudes. The second reason is that exhibit interesting symmetries and structures [1] [2] [3] [4] [5] , such as the dual conformal invariance, which are not at all apparent from the Lagrangian of the system. An important observation was that these amplitudes have a certain iterative structure at the two and three loop level [6, 7] . This allowed the authors of [7] to make a conjecture for the all-loop result of the Maximally Helicity Violating (MHV) amplitudes with any number of external legs. Subsequently, this conjecture was proved to be true only for amplitudes with four and five external particles. Beyond that one has to modify the BDS ansatz by adding a function R depending only on certain cross-ratios of the kinematic invariants of the amplitude. As a result this remainder function R exhibits a dual conformal invariance. The deep reason behind this invariance is the intriguing relation between light-like Wilson loops 1 and scattering amplitudes of N = 4 SYM [8] , first observed at strong coupling by using the AdS/CFT correspondence [9, 10] . Shortly after that the same relation was verified to hold at weak coupling too [11, 12] .
Since then there is an increasing effort to understand better the gluon scattering amplitudes using the conjecture made by Alday and Maldacena. One the directions followed is the study of scattering amplitudes in other theories than the N = 4 super Yang-Mills. Since the internal space bulk geometry as well as the fermionic sector of the theory do not appear to play any role in the relation of the Wilson loops to the light-like Wilson loops in the strong coupling, one expects that the results will not depend on deformations of the internal space. For example in the β deformed theories, with real deformation parameter, it has been found that the scattering amplitudes are the same as in N = 4 super Yang-Mills theory [16, 18] . This result is naturally expected also from the form of the Wilson loops in these deformed theories studied in [17] . The situation in similar for the orbifolds on N = 4 super Yang-Mills where with a rescaling of the coupling constant the amplitudes remain the same as the initial theory. An other interesting generalization of the Wilson loop-gluon scattering amplitude conjecture is done in N = 2 theory with matter in the fundamental representation [19, 20] where it was shown that amplitudes for quarks and gluons at strong coupling can be constructed from specific gluon amplitudes. Moreover, an extension of the gluon scattering correspondence to the finite temperature seems to be a very important problem [22] , especially due to difficulties to define asymptotic states in the strong coupling scattering of the dual field theory. It is expected that the results compared to the zero temperature case will be modified crucially, since the AdS part of the metric does change. Indeed, the T-dual background is not anymore equal to the initial one, making the conjecture more complicated. Also due to the presence of a black hole, it is natural to place the light-like Wilson loop at its horizon which in the T-dual background is located at the UV . As a consequence of the complicated metric the minimal surface problem becomes highly non-trivial. Hence, until now only a special Wilson loop configuration has been considered. This configuration has been interpreted as the forward scattering of a low energy gluon off a high energy gluon. The claim is that this kinematic configuration corresponds to a light-like Wilson loop which lives at the horizon of the T-dual back hole with one edge much longer than the another. Unfortunately, if one apply strictly the extension of the Alday-Maldacena conjecture to the finite temperature this kinematic configuration gives only a phase contribution to the amplitude as also noticed in [22] .
In this paper, we continue and extend in many ways the study of gluon scattering amplitudes at finite temperature. We find this topic particularly interesting since apart from its high importance of solving it in full generality in the dual gravity theory, a possible solution will give several hints for the corresponding progress in the dual field theory. In Section 2, we introduce the dual gravity backgrounds of the theories we will be using. We start with the gravity background dual to N = 4 SYM at finite temperature. Then we present the background dual to N = 4 SYM at finite temperature and finite chemical potential. Subsequently, we write down the gravity dual of non-commutative gauge theories at finite temperature. In all cases we perform a series of four T-duality transformations along the four directions of the world-volume of the brane on which the ends of the open strings which scatter live.
Having obtained the T-dual backgrounds we proceed to Section 3, where we calculate the minimal surface for a Wilson loop which corresponds to the forward scattering of a low energy gluon (E < T ) off a high energy one (E > T ). More precisely, in Section 3.1 we consider the case of gluon scattering amplitude at finite temperature, in Section 3.2 the case of gluon scattering amplitude at finite temperature with finite chemical potential and in Section 3.3 the case of gluon scattering amplitude in non-commutative theories at finite temperature. In all cases the amplitude turns out to be a pure phase times a prefactor which as in the original AdS case should be the tree level amplitude. This behavior is due to the Lorentzian nature of the world-sheet metric for this particular configuration. We also find that as we increase the chemical potential the action corresponding to a specific Wilson loop living in the T-dual metric decreases. Similarly, increase of the non-commutative parameter leads to a decrease of the on-shell action of the Wilson loop considered. Furthermore, the energy of the low energy gluon should be lower than a critical value L 2max for the solution to exist. Put in another way, for any fixed value of the low energy gluon the temperature can not be smaller than a specific value. This means that the zero temperature limit of our solutions does not exist. On the contrary, setting to zero the chemical potential or the non-commutativity of the space is always a well-defined limit.
The backgrounds
Here we present the backgrounds which will be used in the following sections. The common feature of all these backgrounds is that they are dual to strongly coupled field theories at finite temperature. We start with the background that is dual to N = 4 super Yang-Mills at finite temperature. Then we consider the background dual to N = 4 super Yang-Mills at finite temperature and finite R-charge density in order to capture some more dynamical properties of the gluon scattering amplitudes and their dependence on the temperature and chemical potential. Finally, we present the backgrounds dual to non-commutative gauge theories at finite temperature in order to investigate how the gluon scattering amplitudes depend on the non-commutative parameter.
The gluon scattering amplitude is defined as the scattering of open strings whose ends are located on an IR-brane sitting at the horizon of the corresponding geometry. As in [8] , the boundary conditions are simplified by performing a T-duality on these backgrounds. After the T-duality the problem reduces to finding the expectation value of a light-like Wilson loop on the UV of the T-dual geometry. The T-duals of all the backgrounds we use here differ from the original ones, unlike the case of the AdS 5 where the T-dual background is also AdS 5 . Moreover, in the non-commutative case the T-duality changes the B-fields according to the T-duality rules. While the T-duality performed on the other two backgrounds does not generate any new Bfields.
The T-dual coordinates y are related to the initial ones x through an equation that has the following form
where w(r) is a function that can be found analytically and depends on the form of the metric.
Hence, for each of the following backgrounds we perform a 'disk' T-duality in the four coordinates of the AdS part and specify the boundaries and the horizon of the new metrics.
• Finite Temperature N = 4 super Yang-Mills dual background.
To introduce temperature in the AdS/CFT we need to deform the AdS 5 background by placing a big black hole in the center of the AdS space [21] or equivalently, to calculate the near horizon geometry of a of near extremal black 3-brane. The resulting metric is equal to
without any additional fluxes compared to the original AdS 5 background and where
The boundary of this space is at r = ∞, while the horizon is situated in the bulk at r = r h . The 'disk' T-duality on this space does not generate any new fields, although the new metric is not equal to the undeformed one. After the T-duality the metric (2) becomes
where y are the T-dual coordinates. The T-dual metric has its horizon at r = r h and boundary located at r = 0. We will place our light-like Wilson loop at r = r h , which makes sense to do so since the point r = r h is at the UV of the T-dual metric as also commented in [22] .
• Finite Temperature N = 4 super Yang-Mills dual background with chemical potential.
To introduce a chemical potential in the previous background we need to introduce non-zero R-charges, which corresponds to rotating near extremal D3-branes. These backgrounds are characterized by a non extremality parameter and in general by three rotation parameters which can be though as corresponding to chemical potentials. The background we consider here has two non zero angular momentum parameters which we set equal to each other [27] and is a special case of [28] . The metric reads
where
The horizon of the geometry (5) is located at r = r h while the boundary of the space is at r = ∞. The parameter r h of the metric is a non-extremality parameter, and µ is the common value of two of the three rotation parameters which correspond to the three generators of the Cartan subalgebra of SO (6) . The third one we set it equal to zero. This particular choice has nothing special and is enough to capture all the essential features of gluon scattering amplitudes in finite temperature and R-charge density.
We will choose to work in the Grand Canonical Ensemble (GCE) where the thermodynamic quantities which we keep constant are the temperature T and the chemical potentialμ. These are related to the non-extremality and rotation parameters by
where r h ≥ µ, to require real temperature. However, the stability conditions of the black hole require the stricter inequality
By performing the necessary for our purpose disk T-duality on this metric we get
where the horizon remains at r = r h , and in the above metric we present only the metric elements relevant to our study.
• Background dual to noncommutative Yang-Mills theory at finite temperature.
To construct this background we introduce the B-field to the non-extremal D3 brane background using U-duality [24] [25] [26] . The result reads
a is the non-commutative parameter and the horizon is located at r = r h . It is evident from (10) that the non-commutativity in dual field theory has introduced only between the (x 0 , x 1 ) and (x 2 , x 3 ). A second remark concerns the signature of the metric above which is chosen to be (−2, 2) and we need to take that in account for the ansatz of the world-sheet we consider. To calculate the gluon scattering amplitude we need as usual to perform a T-duality on the four x i coordinates and find in the new background the appropriate minimal surface.
After performing the T-dualities the new background becomes
As in the previous case, the horizon of the T-dual metric is situated at r = r h , and it is where we place the Wilson loop whose expectation value will give the gluon amplitude at strong coupling.
3 Gluon scattering amplitudes at finite temperature
The aim of this section is to examine the behavior of gluon scattering amplitudes in the presence of a heat bath of temperature T. The scattering of the gluons at finite temperature is described by the scattering of open strings whose ends are attached to the a IR-brane of the corresponding geometry, eg. (2), as in the original Alday-Maldacena construction [8] . However, here the existence of the horizon puts a limit to the position of the brane. As also done in [22] , we choose to place the IRbrane exactly on the horizon. After performing the T-dualities , as described in the previous section, we end up with a background (4) which describes the same physics with the initial one. The advantage is that the boundary conditions of the problem simplify significantly. Namely, the whole problem reduces to the calculation of a Wilson loop expectation value, which lives at the horizon of the black hole in the T-dual background. This Wilson loop consists of light-like segments whose length will be proportional to the momenta of the scattered gluons.
Two comments are in order. Firstly, it may seem unusual that we consider the scattered strings on a brane sitting at the IR of the original geometry. Usually, observables in the context of AdS/CFT are defined on the boundary of the space, i.e. at r = ∞. The resolution of this puzzle is that the IR-brane does touch the boundary of the space at t = ±∞ [22] . Consequently, the endpoints of the asymptotic string states are on the boundary of the gravity dual. Secondly, it does makes sense to place a Wilson loop at the black hole horizon since in the T-dual metric the horizon is sitting at the UV region of the dual geometry.
Unfortunately it is very difficult to find the minimal surface with the most general boundary conditions even for the case of four gluons. This is due to the complicated T-dual metric. Furthermore, through the introduction of temperature we have also lost integrability whose role was instrumental in obtaining the area of the minimal surface in the case of pure AdS. Thus we will limit ourselves to a Wilson loop with particular boundary conditions. Namely, we consider a rectangular loop with one edge much bigger than the other. We call the long edge of this Wilson loop L and the short one L 2 , where L ≫ L 2 , with both of them being in light-like direction. This light-like Wilson loop corresponds to an amplitude at strong coupling for forward scattering of a 'low' energy gluon off a high energy gluon.
Since one edge of the loop is much larger than the other we make the following ansatz for the embedding of the world-sheet
with the suitable boundary conditions
They impose that the worldsheet should end on the two long light-like edges of the Wilson loop. Similarly, the requirement that the worldsheet should also end on the two short light-like edges of the Wilson loop gives
The factor of 1/ √ 2 comes from the projected coordinate of the relevant edge of the Wilson loop to the y 0 axis. In what follows, we will relax the second set of boundary conditions (17) . The rationale behind this is the following. Since one edge is much larger than the other L >> L 2 one can assume that the world sheet is translationally invariant in the L direction, i.e. it does not depend on τ . If this is the case then it is obvious that (17) can not be satisfied. What really happens is that the worldsheet remains independent of τ almost everywhere except very close to the short edges where it rapidly falls to end on the lines defined by (17) . The contribution to the total area of this small region near the short edges is negligible due to the condition L >> L 2 . This justifies the ansatz of (15) .
One important comment is in order. One may argue that the solution described in the last paragraph does not exist or if it exists it is not the one with the minimal action. One could imagine, for example, a solution which oscillates many times up and down between the two short edges 3 . Such a solution, if it exists, clearly does not satisfy (15). We have not been able to exclude such solutions and we will proceed assuming that a solution of the type (15) exists and that it is the dominant one, since we do not have opposite indications.
Before we proceed in the next section it is convenient to introduce some notation. The factor of the amplitude that can be calculated from the AdS/CFT is of the form A ∼ exp(iS) where S = iS E ∼ √ − det g and S E ∼ √ det g. The kinematic configurations we consider for the three different theories below turn out to have Lorentzian signature world-sheet, and hence the results on the amplitude are of the form A ∼ exp(iS), where S is the real on-shell action which depends on the parameters of the theory and the configuration.
In the following subsections we calculate the gluon scattering amplitudes in three theories with different characteristics, using the set up we presented here.
Gluon scattering amplitude in finite temperature N=4 supersymmetric Yang-Mills
In this section we consider the gluon scattering amplitude in the gravity dual background of the finite temperature N = 4 supersymmetric Yang-Mills. For the world-sheet we use the configuration (15) and the relevant boundary conditions (16) .
The Nambu-Goto action in the static gauge for our world-sheet becomes
where for this section h = h T given by the equation (3) . The equation of motion for y 0 gives an equation for the f ′ :
and c 1 is the integration constant. The Lagrangian density does not depend explicitly on y 2 , which can be considered as the "time" in our system, so the Hamiltonian of this motion is constant. We set for convenience the Hamiltonian equal to 1/β, so the factor β to appear in the numerator in the equations of turning points, as we will see.
Using the conjugate momenta
the Hamiltonian reads
By eliminating √ D between equation (19) and equation (22), the f ′ equation takes the simple form
We can substitute f ′ in (19) to solve for r ′ , which gives
Now the turning points of the worldsheet can be found from the solutions of the equation (24) to be
Since we place the Wilson loop on the horizon (r = r h ) the worldsheet we consider extends from r = r h to r = r + . The solution r − is negative and as such is physically irrelevant.
The equation (23) and (24) can be rewritten as 
and can be integrated analytically in terms of Appell hypergeometric functions F 1 of two variables, which we call AppellF1. The final system we find has two unknown integration constants: β and c 1 . To specify them we need to impose the boundary conditions given above. Then the integration of (27) and (28) respectively gives
where K := r h . Notice that we have managed to write in the above equations everything in the RHS in terms of K and Λ since b and c and thus β and c 1 can be expressed in terms of K and Λ through (26) . Hence, in principle one can solve the system of (29) and (30) for K and Λ and subsequently for β and c 1 . This can be done only arithmetically by giving values to L 2 and finding the corresponding values of β and c 1 .
By solving the system we obtain the solutions in form of triplets (L 2 , β, c 1 ) and from (29) we get the dependence of L 2 on r + . The result is plotted in Figure 1 . We find that for L 2 max := L 2 /(2 √ 2r h ) ≃ 0.35 the curve has a maximum value at K 1/4 max := r +Lmax /r h ≃ 1.973. Moreover, for each value of L 2 < L 2 max there exist two different solutions for r + . For the solutions corresponding to r + > r +Lmax the string world-sheet goes deeper in the bulk compared to the corresponding ones with the same L 2 value where r + < r +Lmax . Only one of these two sets of solutions should be acceptable and correspond to the gluon scattering amplitude. It is natural to think that is the one with the minimal action, but to decide we need to regularize the action and observe the behavior of each of these branches as L 2 → 0. The corresponding minimal surface is calculated analytically as
It is immediate to notice that this action is logarithmically divergent. This is consistent with the fact that the gluon scattering amplitudes are IR divergent even at finite temperature. To isolate the divergence one should regulate the action by performing the integral from z = 1 + ǫ, since the divergence comes from the lower limit of the integral in (31) . The divergent part reads
Then the finite part is given by
and for the solutions we found we can integrate the Lagrangian and get the dependence of the on-shell action from r + . This is what we draw in the first plot of Figure  2 , where we consider ǫ = 10 −5 . The branch which is physically acceptable is the one that satisfies the physical condition that the action S(L 2 ) should tend to zero as L 2 → 0 [22] . By inspecting Figure 1 and the right plot of Figure 2 we see that this happens for r + /r h → 1 which means that the branch with r + < r +Lmax is the physical one. As expected, it turns out that for this set of solutions r < r +Lmax , gives minimal action for any value of L 2 compared to the corresponding solutions for r + > r +Lmax (Figure 2 ). Figure 2 : On the left, the dependence of the action as a function of r + /r h . The action is normalized, such that the S we draw is actually the action divided by 2πα ′ /( √ 2R 2 L). For r + < r +Lmax the action is increasing. When it takes its maximum value it starts a slow decrease and tends to take asymptotically a constant value. On the right, the dependence of the action as a function of L 2 . The physical solution is the one that gives minimal action and corresponds to values of r + < r +L max . The red-dashed line correspond to the non-acceptable solution of the two parallel disconnected sheets.
We close this section with a remark. There is another solution to the equations of motion derived from the action (18) with the same boundary conditions (16) . This solution describes two parallel disconnected sheets which extend from r = r h to r = ∞. For this solution f ′ = 0 and the corresponding action is
As above the action is logarithmically divergent and one should take the lower limit of integration to be r h (1 + ǫ) and not r = r h in order to regulate the divergence. Subtracting the divergence from the action we get its finite part
and is the horizontal line in the second plot in Figure 2 , which actually crosses the vertical axis and that the upper line of the S(L 2 ) at the same point. It is immediate to notice that the regularized action (35) depends only on the long edge of the Wilson loop L and not on the short one L 2 . We should note that this solution exists for any value of L 2 , while the solution corresponding to the connected world-sheet exists only for L 2 < L 2max . For very small values of L 2 the latter has smaller action and dominates the disconnected one. However, there is a critical point L 2crit ≃ 0.3185 beyond which the disconnected solution is the dominant one. This is similar to a first order phase transition of the Gross-Ooguri type. For small values of L 2 the favorable configuration is the one where the world-sheet penetrates into the bulk up to a finite point. Beyond the critical value L 2crit the favorable configuration is the one where the world-sheet goes all the way to infinity where one can imagine that it merges with itself.
However this disconnected solution does not seem to have the physical requirements to be interpreted as a gluon scattering amplitude. On the other hand, it gives as a hint that could exist other kinds of solutions with similar boundary conditions that become dominant in different energies. Or even solutions that are valid for bigger values of L 2max . This could be related to the conjectured existence of different saddle points that become dominant at high energies when the string theory is expanded around them [23] . Hence one could observe similar phase transitions in the gluon scattering amplitudes as a reflection of the change in the character of the amplitudes due to different saddle point become dominant.
Gluon scattering amplitude in finite temperature N = 4 supersymmetric Yang-Mills with chemical potential
In this section we study the relation of the gluon scattering amplitude on the chemical potentials at different temperatures. The background we use is (9) and it comes by doing the disk T-dualities to the background (5). The light-like Wilson loop and the ansatz for its worldsheet is similar to the finite temperature case (15) , with the same boundary conditions (16).
The Nambu-Goto action for this configuration becomes
where for convenience we define
To satisfy the equation of motion for θ we choose
Then the equation of motion for f ′ reads
where we have defined
According to our boundary conditions (16), we observe from the equation (39) that the constant c should be negative, since G 00 < 0. We continue our analysis using the Hamiltonian formalism. The conjugate momenta read
and the Hamiltonian then is equal to
which does not depend on y 2 . Hence we can set it equal to a constant 1/β and solve for D, which gives
Notice from (42) that the constant β takes negative values since the 1 + G 00 < 0. So the equation (39) can be simplified to
and will be used to determine β and c. 4 The turning point equation can be found by taking the square of the (43) and using (44). The result reads
and by setting it equal to zero we find that the turning points are
with the last solution to be acceptable, since the horizon is located at r = r h . We observe that the turning point depends on the parameter r h monotonically, and as we will see the world-sheet enters deeper in the bulk and is more extended for increasing r h .
The next step is to find the values of the parameters β and c for each value of L 2 by solving the system of the following equations which come from integration of (44) and (45) respectively
where r ′ is given by (45) and we have made the change of variables r → r/r h . Instead of the r h we can insert in the above expressions the temperature and a dimensionless constant as
The variables ξ and κ are defined as ξ :=μ T , and κ :=μ R
Hence eventually the two integrals giving the L 2 can be written in terms of temperature and the dimensionless parameter ξ. Then by solving appropriately the system of equations (48) and (49), we can obtain a triplet of values (β, c, L 2 ), for each pair of values of T and ξ. We will keep fixed the temperature and vary the dimensionless parameter ξ in order to examine the behavior of the gluon scattering amplitude in presence of chemical potential.
We also need to present the analytic expression of the action which we also use in the numerical analysis. It can be written as
where we have used (44) and (45). Unfortunately the integrals (48), (49) and (52) can not be done analytically, unlike the case with zero R-charge.
Notice that we could redefine the integration constants as β 1 = βR 2 /r (48) and (49), depend on the dimensionless parameter ξ. Notice that it turns out that for some of the solutions (β, c), the turning point r + depends on r h almost in a linear way for different values of ξ.
For each case we examine, we will draw the plots (L 2 /T, r + /r h ), (L 2 /r h , r + /r h ),
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(S, r + /r h ) and (S, L 2 /T ). In the three first plots the fraction r + /r h , align the results we want to compare in the horizontal axis. This happens because as we mention above the r + has almost linear dependence on r h for the values we are interested. Additionally, another reason for this choice is that the minimal surface has boundary always at r h and we would like to compare the difference in the extension of the world-sheet for varying ξ with the other quantities.
From the (L 2 /T, r + /r h ) results we study how deep in the bulk goes the worldsheet, for a soft gluon with particular energy. We would also like to see if there is still an upper bound for L 2 as happens in the case of zero chemical potential. We find that indeed it exists and we can calculate this upper bound with respect to T (or r h ).
In order to examine the behavior of the corresponding minimal surface of our solutions we plot the results of (S, r + /r h ) and (S, L 2 /T ). We could also divide the L 2 by r h , or just plot the L 2 , since the qualitative behavior of the results does not change. The first plot give us the amplitude in terms of r + /r h , and also is the criterium of which branch of values is the physically correct, ie. r + > r +Lmax , or r + < r +Lmax . The second plot, gives the minimal surface in terms of the energy of the soft gluon and allow us to compare them at different chemical potentials. We remark here that we consider the regularization parameter in the integrations independent of any other parameter of the systems and we keep it always constant ie. ǫ = 10 −5 .
We intend to calculate the amplitudes by fixing the temperature to a large and 5 The results qualitatively do not change even in case we do not normalize L 2 at all.
small value and for each case by considering two different values ξ 1 and ξ 2 . For low temperature the values we choose for R = 1 are:
We solve the system of equations (48) and (49) and plot the results (L 2 /T, r + /r h ), (L 2 /r h , r + /r h ) in Figure 3 . As we can see in this figure higher values of ξ allow higher values of L 2, max , which are
For this temperature it seems that the maxima, occur almost for the same values of the r + /r h . We also observe from the plots that for the same values of L 2 , the world-sheet is less extended for higher chemical potentials than to lower ones.
Like the case of the finite temperature N = 4 super Yang-Mills we should choose one branch of r + solutions corresponding to L 2 , and the answer to this will be given from the relations S(r + /r h ) and S(L 2 ). From these functions we can also extract the behavior of the amplitudes for different chemical potentials. Hence in Figure 4 we plot the action depending on r + and L 2 .
We see that the natural branch to choose for the acceptable solutions is the one with r + < r +L, max . This is expected from the fact that when we turn off the chemical potential we should get the case of the N = 4 super Yang-Mills finite temperature we examined in the previous subsection.
From the Figure 4 , we see that higher chemical potentials result slightly higher action values for fixed values of r + /r h , and this can be easily seen from the plots close to the maximum. The plot S(L 2 ) gives us information on the amplitude dependence of the chemical potential. Higher values of the chemical potential lead to lower values of the on-shell action.
We would also like to examine the amplitude dependence on the chemical potential for a higher value of temperature choosing, T = 30/π ≃ 9.5493. In that case we can choose values for ξ i which differ significantly, so On the left the L 2 is divided by T , while on the right by r h . We observe that for the same values of L 2 , the world-sheet is significantly less extended for higher chemical potentials than in lower ones, when there is an important difference between them. The physical solution is the one that gives minimal action and corresponds to values of r + < r +L max . On the right, the dependence of the action on the L 2 . The cusp we observed in the previous cases is still there, but is not easily seen on the plot. More points however in this region would make it appear clearly. Comparing to the Figure 4 , we see that although we consider ξ 4 − ξ 3 significantly bigger than ξ 2 − ξ 1 the difference in the scattering amplitudes for the chemical potential does not change significantly. For both of the above plots the results corresponding to ξ 4 are plotted with red-dashed, while the ξ 3 results are plotted with blue.
and as a result the chemical potentials for this choice differ significantly 8 .
We again solve the system of equations and plot the results. Looking at the Figure 5 , and compare the results with the ones in Figure 3 , we see that higher differences on the chemical potential lead to increasing differences in the L 2,max value. We also see that the corresponding r +Lmax /r h value, seems to be slightly increasing as the chemical potential reduces. Hence for particular values of L 2 the corresponding string world-sheet is extended more for lower chemical potentials and as the difference between the chemical potentials increases, the difference of how much extended the corresponding world-sheets are, increases.
From Figure 6 , we conclude that for the same L 2 , the differences of the onshell action for increasing differences between the chemical potentials are increasing. Hence what matters is the difference in the parameters ξ i and not the fraction of them, since
Before we conclude this section, it would be good idea to fix the L 2 and the temperature, and modify the dimensionless parameter ξ. Doing that we would be able to observe how the argument of the complex amplitude is modified with ξ for a fixed soft gluon momentum and temperature. The numerical analysis is more difficult here but still doable.
So we choose two temperatures, T a = 0.5 for L 2a ≃ 0.128 and T b = 10 for L 2b ≃ 0.112 9 and plot the action S in Figure 7 . We observe, that for the two different temperatures and fixed L 2 the action S does not vary significantly, while varying ξ from its minimum to its maximum value. We also see that the on-shell action is everywhere finite as expected since even for zero chemical potential it has non zero value. We also observe that in the two plots the function S(ξ) seems to have similar form. However, for increasing temperature the action takes lower values for fixed chemical potential.
We briefly summarize some of our findings in this section. We examined the dependence of the gluon scattering amplitude on the chemical potential, keeping fixed the temperature and we find that higher chemical potentials lead to lower onshell actions for the Wilson loop we consider. The increase that happens depend on the absolute difference between the parameters ξ i and not on their fractions. This gluon scattering amplitude coming from the calculation of the AdS/CFT is a phase since the Wilson loop has Lorentzian signature. 
Gluon scattering amplitude in finite temperature noncommutative gauge theories
In this subsection we examine the gluon scattering amplitudes in the non-commutative finite temperature gauge theories 10 . For this setup we need to do a T-duality to the four coordinates of (10) to get the background (13) . The ansatz for the string world-sheet is
and we use the boundary conditions of (16) . This choice of ansatz allow us to have only one time. Notice that in the ansatz we have renamed the function of σ in y 0 to avoid confusion with the function f appearing in this background. The action becomes
The equations of motion for z give
Hence we end up with a system of two equations with two unknown constants β, c 1 , 12 which can be solved arithmetically and give L 2 as a function of r + /r h . These two integrals are obtained from (64) and (66) respectively
where r ′ is given from equation (66). Unfortunately the integrals cannot be calculated analytically. So one can think to expand them for small values of a, keep the dominant terms and then try to solve the system analytically. But expansion up to order a 2 makes the whole problem equivalent to the commutative one, just by redefining the constants aŝ
whereβ 0 is the inverse of the Hamiltonian andĉ 1 is the constant introduced from the integration of the function z(σ). By including higher order terms the integrals can not be solved analytically.
So we need to do the analysis arithmetically. For convenience we set
and we will give several different values to the non-commutative parameter a, in order to examine the non-commutative dependence of the gluon scattering amplitudes. We choose a value that makes the commutative effects almost negligible, a = 0.01, one intermediate value a = 0.3 and one bigger a = 1 where we expect the non-commutative effects to modify significantly the relevant commutative results.
For each value of the non-commutative parameter, we solve the system of equations (67), (68) and find the pair of parameters β, c 1 for the corresponding values of L 2 . Then we plot L 2 as a function of r + /r h for different values of the noncommutative parameter and the results appear in the Figure 8 . For a = 0.01 we observe that the non-commutative effects are negligible. For bigger values of a the results become very interesting. For a = 0.3 we see the maximum value of L 2 reduces with respect to the commutative case and occurs for smaller value of r + /r h . The effects of non-commutativity become very important for a = 1. The maximum value of L 2 reduces approximately to 77 percent of the commutative value and this maximum occurs at the half of the relevant commutative value for the turning point. We also observe that the increasing branch of the curve has starting point for L 2 /2 √ 2 bigger than ≃ 0.26. That is interesting and means that there exist single solutions r + for L 2 /2 √ 2 < 0.26.
Of course the question that one has to ask again is which branch is the physical one, and whether or not there is a 'jump' in the turning point solutions from one branch to another. To answer this question we need to derive the regularized action
where r ′ is given by (66). We calculate the action for the three values of the non commutative parameter a and using the triplet values (β, c 1 , L 2 ) from the solution of the system (67) and (68) we find that the physical branch is the left one, at least for non-commutative parameter values a = 0.01, 0.3 where two solutions of r + exist for each L 2 . The results are plotted in Figure 9 . However the case of a = 1 is more complicated. We see that for values of L 2 /2 √ 2 smaller than ≃ 0.26 the only solutions that exist are in the right decreasing branch of the Figure 8 .
Thinking like the previous cases, we should consider as the acceptable solutions the ones that have r + < r +Lmax . However if we set as additional criterium for Geometrically this means that by starting with a short edge L 2 and increasing it, we get a world sheet that has a turning point that gets closer to the boundary in a continuous way. However, when we reach L 2 /2 √ 2 ≃ 0.26 the turning point from r + ≃ 1.33r h goes to r + ≃ 1.01r h and as we continue increasing L 2 the turning point now is going deeper to the bulk until the edge gets its maximum value L 2max /2 √ 2 ≃ 0.271 which corresponds to r +Lmax ≃ 1.15r h . However, notice that in the limit L 2 → 0 the solutions for r + > r +Lmax can not be acceptable.
The on-shell action in terms of r + /r h is increasing as we decrease the noncommutative parameter. Around the 'jump' of the solutions we mentioned, the action varies steeper for the values r < r +Lmax occurs. This can be also seen from the Figure 9 .
In this section, we have examined the minimal surface ending at a particular light-like Wilson loop which is located at the boundary of a T-dual black hole in a background with B-fields, corresponding to a non-commutative gauge theory at finite temperature. We find that by increasing the non-commutative parameter, the on-shell action is decreasing. Moreover our solutions are constrained, in a sense that the short edge of the Wilson loop is constrained by an upper bound depending on the temperature and the non-commutative parameter. For these solutions we observe a property that did not exist in the other theories we examined, and is a non-continuous 'jump' of the turning point of the world-sheet as we vary the short edge of the loop. As we already mentioned we believe that the considered Wilson loop corresponds to a gluon scattering amplitude of a low energy gluon off a high energetic in the non-commutative gauge theory at finite temperature.
Discussion
In this paper we examined the gluon scattering amplitude in finite temperature gauge/gravity dualities. We define the amplitude as the minimal surface ending at the Wilson loop on the horizon of the T-dual back hole. Because of the computational difficulties we did not manage to calculate the most general 4-gluon scattering amplitude. However, we have constructed the minimal surface of a light-like Wilson loop with one edge much more bigger than the other, and we claim, as in [22] , that this corresponds to an amplitude describing the forward scattering of a low energy gluon off a high energy one.
We chose consistently the boundary conditions and the ansatz for the worldsheet, and found the characteristics of these solutions and their corresponding minimal surfaces in the three theories we considered. It turns out that in all three cases our solutions are constrained. Namely, the short edge of the Wilson loop is constrained by an upper bound which depends on the temperature, the chemical potential and the commutative parameter. We find that for increasing chemical potential this upper bound increases, while increasing non-commutative parameter leads to a decrease of the upper bound.
In general we see that for each value of the short Wilson loop edge L 2 , there are two solution for the turning point equations. It turns out that the acceptable one for the gluon scattering amplitude interpretation, is the one where the string world-sheet stays closer to its boundary. Hence the maximum allowed penetration length r +Lmax of the world-sheet is where the L 2 becomes maximum. An increase of the chemical potential leads to a slight increase of this quantity, while an increase in the non-commutative parameter leads to a decrease of r +Lmax .
Another characteristic of our solutions is that for the same Wilson loops, ie. same L 2 , the minimal surfaces are more extended in the T-dual bulk for lower chemical potential. This is one of the reasons that the corresponding minimal surface, for the same values of the L 2 and increasing chemical potentials has decreasing area or equivalently decreasing on-shell action. The on-shell action in the non-commutative theory has similar behavior, where the increase of the non-commutative parameter leads to the decrease of the on-shell action.
At the limit of zero chemical potential, and of zero non-commutativity, our results reduce smoothly to the finite temperature results. However, the limit of zero temperature for our solutions does not exist since at this limit the upper bound of L 2 becomes zero and the whole setup we considered becomes inappropriate.
For the minimal surfaces of all the four point amplitudes we calculated, we have used an appropriate cut off which corresponds in the field theory in the IR cutoff regularization. This is consistent, since it is equivalent of using the Legendre transform of the action in a formal treatment, since the background satisfy the conditions of [31] . Although the amplitude for our kinematic configuration turns out to be a pure phase, it is interesting to notice that the minimal surfaces we found have the properties that one would expect for a real amplitude of the form exp(−S) in finite temperature gauge theories. Currently we do not know if this is just a coincidence.
It would be very interesting to consider the most general planar four point gluon scattering amplitude using the corresponding general polygonic sequence where we expect that the exponent in the amplitude should have a real part too. Moreover by achieving that, we would be able to directly calculate the viscosity coefficient at finite temperature.
